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analysis revealed that the horizontal complexity of 
items within each order of hierarchical complex-
ity for this task was also a predictor. Whereas the 
Order of Hierarchical Complexity had β = 2.143, 
t = 11.508, p < .0005; the Horizontal Complexity 
also made a significant but smaller contribution, 
β = 0.253, t = 2.079, p = 0.044. With both factors 

in the multiple regression, r increased from .879 
to r(41) = .880, F(2, 37) = 66.804, p < .0005, r2 = 
.774. The item with the lowest order of horizontal 
complexity and of the lowest order of hierarchi-
cal complexity was expected to have the lowest 
Rasch scaled score, followed by the item with the 
next highest horizontal complexity of that order, 

Table 1
Balance-beam Task Series fit statistics
	 Entry	 Raw	 	 	 	 Infit
	 Number	 Score	 Count	 Measure	 Error	 Mnsq	 Ranks

	 4	 107	 121	 .43	 .08	 .24	 prim4
	 3	 109	 121	 .42	 .07	 .24	 prim3
	 1	 113	 121	 .40	 .07	 .23	 prim1
	 5	 113	 121	 .40	 .07	 .25	 prim5
	 2	 114	 121	 .39	 .07	 .26	 prim2
	 10	 115	 121	 .39	 .07	 .23	 concr5
	 12	 116	 121	 .38	 .07	 .33	 abstr2
	 7	 119	 121	 .37	 .07	 .22	 concr2
	 8	 119	 121	 .37	 .07	 .21	 concr3
	 6	 120	 121	 .36	 .07	 .21	 concr1
	 13	 120	 121	 .36	 .07	 .28	 abstr3
	 11	 123	 121	 .35	 .06	 .25	 abstr1
	 9	 125	 121	 .34	 .06	 .54	 concr4
	 20	 135	 121	 .31	 .06	 .86	 form2n1
	 15	 139	 121	 .29	 .06	 .92	 abstr5
	 14	 143	 121	 .28	 .05	 .89	 abstr4
	 22	 154	 121	 .25	 .05	 .95	 form2n3
	 21	 169	 121	 .21	 .05	 .62	 form2n2
	 19	 174	 121	 .20	 .05	 1.18	 form1n4
	 16	 194	 121	 .16	 .04	 1.41	 form1n1
	 17	 201	 121	 .15	 .04	 1.30	 form1n2
	 23	 213	 121	 .13	 .04	 .81	 form2n4
	 18	 236	 121	 .09	 .04	 1.05	 form1n3
	 24	 237	 121	 .08	 .04	 .97	 form2n5
	 26	 270	 121	 .03	 .04	 .65	 sys1q1y
	 25	 277	 121	 .02	 .04	 .54	 sys1q1x
	 28	 312	 121	 –.03	 .04	 .75	 sys1q2y
	 27	 321	 121	 –.04	 .04	 .77	 sys1q2x
	 29	 337	 121	 –.06	 .04	 .97	 sys3q1x
	 30	 340	 121	 –.06	 .04	 1.11	 sys3q1y
	 31	 343	 121	 –.07	 .04	 .98	 sys3q2x
	 32	 355	 121	 –.08	 .03	 .98	 sys3q2y
	 33	 888	 121	 –.68	 .05	 .32	 met1
	 40	 888	 121	 –.68	 .05	 .35	 met8
	 35	 890	 121	 –.68	 .05	 .33	 met3
	 39	 890	 121	 –.68	 .05	 .34	 met7
	 37	 891	 121	 –.68	 .05	 .35	 met5
	 38	 891	 121	 –.68	 .05	 .35	 met6
	 41	 891	 121	 –.68	 .05	 .35	 met9
	 34	 892	 121	 –.68	 .05	 .35	 met2
	 42	 894	 121	 –.69	 .05	 .34	 met10
	 36	 899	 121	 –.70	 .05	 .50	 met4

   MEAN		 357	 121	 .00	 .05	 .59
   SD		  308	 0	 .41	 .01	 .35
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Note: Items are abbreviated as Primary Order 7 = pri7, Concrete Order 8 = con8, Abstract Order 9 = abs9, Formal Order 10 
= for10, Systematic Order 11 = sys11, Metasystematic Order 12 = met12.  Each # on the left of the y axis represents two 
participants and a single dot represents one participant.

Figure 1. Variable map for order of hierarchical complexity 
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and so on. The multiple regression revealed that 
the Rasch analysis was highly accurate in order-
ing these items according to the two degrees of 
complexity (see Figure 2).

The generality of these results is due to the 
fact that the resulting scaling of item difficulty 
obtained with a Rasch analysis is independent of 
the distribution of the particular participants used 
when the data fit the model (Bond and Fox, 2001). 
The Rasch model enables us to estimate subject 
ability and item difficulty independently of each 
other (Andrich, 1988). Among the participants 
there needs to be a range of performance so that 
some fail almost all tasks and others get almost 
all tasks correct. In this task series, it was clear 
that the items were rather easy for participants, as 
indicated by the distribution of participant scaled 
scores (see left hand side of Figure 1). Several par-
ticipants were scored at or around the systematic 
items, thereby indicating that they would answer 
items of systematic order complexity correctly 
about 50% of the time.

Summary and Predictions of Model 
of Hierarchical Complexity

In sum, the theory of hierarchical com-
plexity predictions were supported:
1.	 The orders of hierarchical complexity were 

shown to be scaled by the natural numbers. 
Because of this, a number of implications 
for understanding stages and stage sequence 
follow:

2.	 Sequentiality of stage of items should be 
near perfect as has been shown here and 
elsewhere (e.g., Dawson, Commons, Wilson 
and Fischer, 2005). 

3. 	 Because orders of hierarchical complexity 
of the tasks are ordinals, groups of tasks at 
different orders of hierarchical complexity 
should cluster in well-defined groups. Us-
ing Rasch analysis, this trend was found in 
the study reported here and elsewhere (e.g., 
Dawson, Commons, Wilson, and Fischer, 
2005). The trend of like-ordered items clus-
tering together is apparent in Figure 1.
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Summary and Predictions of Model
of Hierarchical Complexity

In sum, the theory of hierarchical complexity predictions were
supported:
1. The orders of hierarchical complexity were shown to be scaled by the

natural numbers. Because of this, a number of implications for under-
standing stages and stage sequence follow:

2. Sequentiality of stage of items should be near perfect as has been shown
here and elsewhere (e.g., Dawson, Commons, Wilson and Fischer,
2005).

3. Because orders of hierarchical complexity of the tasks are ordinals,
groups of tasks at different orders of hierarchical complexity should
cluster in well-defined groups. Using Rasch analysis, this trend was
found in the study reported here and elsewhere (e.g., Dawson, Com-
mons, Wilson, and Fischer, 2005). The trend of like-ordered items
clustering together is apparent in Figure 1.

Figure 2.  Balance-beam Task Series Regression. The numbers show the effects
of horizontal complexity, with the lower numbers representing less horizontally
complex problems.

Note: Rasch Scaled Stage Score as a Function of Order of Hierarchical Complexity, r(42) = .879, F(1,
40) = 136.22, p < .0005, r2 = .773.   For the Horizontal Complexity, β = 0.253, t = 2.079, p = 0.044.
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Note: Rasch Scaled Stage Score as a Function of Order of Hierarchical Complexity, r(42) = .879, F(1,40) = 
136.22, p < .0005, r2 = .773. For the Horizontal Complexity, b = 0.253, t = 2.079, p = 0.044.
Figure 2. Balance-beam Task Series Regression. The numbers show the effects of horizontal complexity, with 
the lower numbers representing less horizontally complex problems.
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4.	 Quantal nature of task hierarchy means there 
can be no intermediate single performances. 
A task either meets conditions (1), and (2), or 
does not. But performances may be interme-
diate because they can be mixtures of stages. 
We found intermediate performances

5.	 People may perform in a consistent manner 
across items from the same tasks of the same 
complexity. Most Rasch scaled performance 
scores align with their most frequent stage of 
performance.
The Model of Hierarchical Complexity 

predicted that the Rasch model-generated order 
scores would correspond to a hierarchically or-
dered task sequence. Order of hierarchical com-
plexity of tasks strongly predicted corresponding 
Rasch scaled scores, with approximately 88% of 
the variance in Rasch scale scores accounted for 
by the order of hierarchical complexity. This sug-
gests that, within a domain and on a given series of 
tasks, order of hierarchical complexity accounts 
for most of the variance in performance. Rasch 
analysis was used here to relate performance on 
a task series to hierarchical complexity of the 
problems within the series. This demonstrates the 
feasibility of: a) constructing series of mathemati-
cal problems in an area of the researchers’ interest; 
b) predetermining the hierarchical complexity of 
the problems in that series; c) and measuring per-
formance on those problems using Rasch models. 
The findings of this study and the establishment 
of the Model of Hierarchical Complexity as ac-
curate in assessing the input of task complexity 
could thus aid our analysis and understanding of 
test performance. 
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Appendix A
Behaviors may form classes.  Stimuli may be placed  

into classes both functionally and analytically.
	 Order 
	of Hierarchical 
	 Complexity	 Name	 Example

	 0	 Calculatory	 Simple Machine Arithmetic on 0’s and 1’s
	 1	 Sensory or 	 Either seeing circles, squares, etc. or instead,  
		  Motor	 touching them.  F   O
	 2	 Circular 	 Reaching and grasping a circle or square.  
		  Sensory- Motor	 F   O
	 3	 Sensory-Motor	 A class of filled in squares may be formed 
			   O O O O O

	 4	 Nominal 	 That class may be named, “Squares”
	 5	 Sentential	 The numbers, 1, 2, 3, 4, 5 may be said in  
			   order
	 6	 Preoperational	 The objects in row 5 may be counted.   
			   The last count called 5, five, cinco, etc. 
			   * * * * *	 	 O O O O O 
			   F F F F F	 O /F} 
	 7	 Primary	 There are behaviors that act on such classes that we call simple  
			   arithmetic operations
			   1 + 3	 =  4 
			   5 + 15	 = 20 
			   5(4) 	 = 20 
			   5(3)	 = 15 
			   5(1)	 =   5
	 8	 Concrete	 There are behaviors that order the simple 	arithmetic behaviors when  
			   multiplying a sum by a number.  Such distributive behaviors require the  
			   simple arithmetic behavior as a prerequisite, not just a precursor 
			   5(1 + 3) = 5(1) + 5(3)  =  5 + 15 = 20
	 9	 Abstract	 All the forms of five in the five rows in the example are equivalent  
			   in value, x = 5.  Forming class based on abstract feature
	 10	 Formal	 The general left hand distributive relation is 
			   x  (y + z) = (x  y) + (x  z)
	 11	 Systematic	 The right hand distribution law is not true for numbers but is true  
			   for proportions in logic. 
			   x + (y  z) = (x + y)   (x + z) 
			   x  (y  z) = (x  y)  (x  z)
			   x & (y or z) = (x & y) or (x & z)
	 12	 Metasystematic	 The system of propositional logic and elementary set theory are  
			   isomorphic 
			   x & (y or z) = (x & y) or (x & z) Logic  
			   x    (y  z) = (x  y)   (x  z) Sets 
			   T(False)  ϕ  Empty set 
			   T(True)  Ω  Universal set


