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The Model of Hierarchical Complexity presents a framework for
scoring reasoning stages in any domain as well as in any cross
cultural setting. The scoring is based not upon the content or the
participant material, but instead on the mathematical complexity
of the hierarchical organization of information. The participant's
performance on a task of a given complexity represents the stage
of developmental complexity. This paper presents an elaboration
of the concepts underlying the Model of Hierarchical Complexity
(MHC), discusses the range on applications that have been
researched to this point, and summarizes the papers in the rest of
the special issue.

This special issue presents a collection of papers based on
the Model of Hierarchical Complexity, a non-mentalistic model of
developmental stages. The model is different from previous
proposals about developmental stage (e.g., Inhelder & Piaget,
1958). Instead of explaining behavior change across age as being
due to the development of mental structures or schema, this model
instead posits that task sequences form hierarchies that become
increasingly complex. Because less complex tasks must be
completed and practiced before more complex tasks can be
acquired, this accounts for the developmental changes seen.
Furthermore, previous theories of stage have confounded the
stimulus and response in assessing stage by simply scoring
responses and ignoring the task or stimulus. The Model of
Hierarchical Complexity separates the task or stimulus from the
performance. This short introduction to the special issue will
describe this model in some detail, as each of the papers to follow
will rely on it.

Tasks

One major basis for this developmental theory is task
analysis. The study of ideal tasks, including their instantiation in
the real world, has been the basis of the branch of stimulus control
called Psychophysics. Tasks are defined as sequences of contin-
gencies, each presenting stimuli and each requiring a behavior or a
sequence of behaviors that must occur in some non-arbitrary
fashion. In the present use of task analysis, the complexity of
behaviors necessary to complete a task can be specified using the
complexity definitions described below. One examines behavior
with respect to the analytically known complexity of the task.

Model of Hierarchical Complexity

The Model of Hierarchical Complexity (MHC) developed by
Commons (Commons, Trudeau, Stein, Richards, & Krause, 1998)
quantifies the order of hierarchical complexity of a task based on
mathematical principles of how the information is organized
(Coombs, Dawes, & Tversky, 1970), and of information science
(Commons & Richards, 1984a, 1984b; Lindsay & Norman, 1977;
Commons & Rodriguez, 1990, 1993), Specifically, hierarchical
complexity refers to the mathematical complexity of the task

presented to the participant, but not directly to the complexity of
the participant’s performance that will successfully complete the
given task.

Every task contains a multitude of subtasks (Overton, 1990).
When the subtasks are carried out by the participant in a required
order, the task in question is successfully completed. Therefore,
the model asserts that all tasks fit in some sequence of tasks,
making it possible to precisely determine the hierarchical order of
task complexity. Tasks vary in complexity in two ways: either as
horizontal (involving classical information); or as vertical
(involving hierarchical information).

Horizontal (Classical Information) Complexity

Classical information describes the number of “yes-no™
questions it takes to do a task. For example, if one asked a person
across the room whether a penny came up heads when they
flipped it, their saying “heads” would transmit 1 bit of “horizon-
tal” information. If there were 2 pennies, one would have to ask at
least two questions, one about each penny. Hence, each additional
1-bit question would add another bit. Let us say they had a four-
faced top with the faces numbered 1, 2, 3, and 4. Instead of
spinning it, they tossed it against a backboard as one does with
dice in a game. Again, there would be 2 bits. One could ask them
whether the face had an even number. If it did, one would then ask
if it were a 2. Horizontal complexity, then, is the sum of bits
required by just such tasks as this.

Vertical (Hierarchical) Complexity

Hierarchical complexity refers to the number of recursions
that the coordinating actions must perform on a set of primary
elements. Actions at a higher order of hierarchical complexity: (a)
are defined in terms of actions at the next lower order of hierarchi-
cal complexity; (b) organize and transform the lower-order
actions (see Figure 1); (c) produce organizations of lower-order
actions that are new and not arbitrary, and cannot be accom-
plished by those lower-order actions alone. Once these conditions
have been met, we say the higher-order action coordinates the
actions of the next lower order.

To illustrate how lower actions get organized into more
hierarchically complex actions, let us tumn to a simple example.
Completing the entire operation 3 x (4 + 1) constitutes a task
requiring the distributive act. That act non-arbitrarily orders
adding and multiplying to coordinate them. The distributive act is
therefore one order more hierarchically complex than the acts of
adding and multiplying alone; it indicates the singular proper
sequence of the simpler actions. Although simply adding can
result in the same answer, people who can do both display a
greater freedom of mental functioning. Thus, the order of com-
plexity of the task is determined through analyzing the demands of
each task by breaking it down into its constituent parts.
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Figure I. Order of Hierarchical Complexity Tree. Each
higher order action organizes two or more lower order
actions.
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The hierarchical complexity of a task refers to the number of
concatenation operations it contains, that is, what is the number of
recursions that the coordinating actions must perform? An order-
three task has three concatenation operations. A task of order three
operates on a task of order two and a task of order two operates on
a task of order one (a simple task).

Tasks are also quantal in nature. They are either completed
correctly or not completed at all. There is no intermediate state.
For this reason, the Model characterizes all stages as hard and
distinct. The orders of hierarchical complexity are stepped like
the rings around the nucleus. Each task difficulty has an order of
hierarchical complexity required to complete it correctly. Since
tasks of a given order of hierarchical complexity require actions of
a given order of hierarchical complexity to perform them, the
stage of the participant’s performance is equivalent to the order of
complexity of the successfully completed task. The quantal
feature of tasks is thus particularly instrumental in stage assess-
ment because the scores obtained for stages are likewise discrete.

Stages

The notion of stages is fundamental in the description of
human, organism, and machine evolution. Previously it has been
defined in some ad hoc ways. Here we describe it formally in
terms of the model of hierarchical complexity. Since actions are
defined inductively, so is the function A, known as the order of the
hierarchical complexity. To each action 4, we wish to associate a
notion of that action's hierarchical complexity, 4(4). Given a
collection of actions A and a participant S performing A, the stage
of performance of S on A is the highest order of the actions in A
completed successfully at least once, i.e., it is

Table |. Stages described in the Model of Hierarchical Complexity

stage(S, A) = max{h(4)| A 0 A and A completed
successfully by S}.

Thus, the notion of stage is discontinuous, having the same gaps
as the orders of hierarchical complexity. This is in agreement with
previous definitions (Commons et al., 1998; Commons & Miller,
2001; Commons & Pekker, 2007).

Stages of Development

The MHC specifies 14 orders of hierarchical complexity and
their corresponding stages, showing that each of Piaget’s sub-
stages, in fact, are hard stages. Commons also adds three
postformal stages. The sequence is as follows: (0) computory, (1)
sensory & motor, (2) circular sensory-motor, (3) sensory-motor,
(4) nominal, (5) sentential, (6) preoperational, (7) primary, (8)
concrete, (9) abstract, (10) formal, (11) systematic, (12) metasys-
tematic, (13) paradigmatic, and (14) cross-paradigmatic. The first
four stages (0-3) correspond to Piaget’s sensorimotor stage at
which infants and very young children perform. The sentential
stage was added at Fischer's suggestion (1981, personal commu-
nication). Adolescents and adults can perform at any of the
subsequent stages. MHC stages 4 through 5 correspond to Piaget’s
pre-operational stage; 6 through 8 correspond to his concrete
operational stage; and 9 through 11 correspond to his formal
operational stage.

The three highest stages in the MHC are not represented in
Piaget’s model. Few individuals perform at stages above formal
operations. More complex behaviors characterize multiple system
models (Kallio, 1995; Kallio & Helkama, 1991). Some adults are
said to develop alternatives to, and perspectives on, formal
operations. They use formal operations within a “higher” system
of operations and transcend the limitations of formal operations.
In any case, these are all ways in which these theories argue for
and present converging evidence that adults are using forms of
reasoning that are more complex than formal operations with
which Piaget’s model ended.

Because MHC stages are conceptualized in terms of the
hierarchical complexity of tasks rather than in terms of mental
representations (as are Piaget’s stages), the highest stage repre-
sents successful performances on the most hierarchically complex
tasks rather than intellectual maturity. Table 1 gives descriptions
of each stage.

Order or Stage What they do How they do it End result
0 calculatory Exact-no generalization, Human made program manipulate 0, 1 None
computer computations

1 sensory or motor  Discriminate in a rote fashion, Move limbs, lips, eyes, head View objects Discriminative and condition stimuli

stimuli generalization, move  or move

2 circular sensory-  Form open-ended classes Reach, touch, grab, shake objects, babble ~ Open ended classes, phonemes
motor
sensory-motor Form concepts Respond to stimuli in a class successfully  Morphemes, concepts
4 nominal Find relations among concepts Use names and other words as successful  Single words: ejaculatives & exclama-

Use names

commands

tions, verbs, nouns, number names,
letter names

5 sentential

Imitate and acquire sequences  Generalize match-dependent task actions.  Pronouns: my, mine, I; yours, you; we,
Follows short sequential acts ~ Chain words

ours; they, them
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